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Part I.
First, Let’s Get to the (Euclidean) Point

https://sarxiv.org/apa.QqYyyy-QqMm-QqDd.QqHhQqMi.pdf
https://sarxiv.org/apa
https://apabistia.org/
https://creativecommons.org/licenses/by/4.0/
https://apabistia.org/


3 apa.2025-09-13.1200.pdfApabistia Notes 2025, 09131200 (2025)

Terry Bollinger CC BY 4.0  A Critical Look at Infinitesimals in Physics September 13, 2025

~300 BC: Ancient Greek 
mathematician Euclid (no, not 
Euler!) begins his vastly important 
Elements with four definitions:

I. A point is that which has no parts.

II. A line is length without breadth.

III. The extremities of a line are points.

IV. A straight line is that which lies 
evenly between its extremities.

————

[1] O. Byrne, The First Six Books of the Elements of 
Euclid. William Pickering, 1847. 
https://archive.org/details/euclid6/page/n6/mod
e/1up?view=theater

The Ancient Origins of Infinitesimal Thinking
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Euclid’s First Definition: “A point is that which has no part.”

X
Z

Y

What kind of entity is this “point”? What is a “part”? … What does it mean to say an entity “has no part”?

Euclid’s intuition in his first definition is easy to discern. He’s thinking of a point as what you get if you shrink a ball 
until it has no detectable volume — a ball being the only geometric shape without any unique “parts,” since it has 
spherical symmetry. A cube or any shape other than a sphere has discernable parts, such as corners and faces, that 
give it unique orientations. However, they should never have orientations since points only capture location.

In modern terminology, Euclid implicitly proposed that the best definition of a point was a round, three-dimensional 
ball scaled down to infinitesimal size. This is a complicated definition that implies calculus-level algorithms.
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The Physics Inspiration of Euclid’s First Definition

➢Atoms are incredibly small and numerous compared to Greeks

➢Glassy and microcrystalline structures emulate “no orientation”

➢The physics phenomena behind Euclid’s intuition are complex:

➢ Quasi-homogenous collections of atoms give the illusion of “no parts”

➢ Atomic removal or evaporation gives the illusion of “smooth” reduction
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But Terry! That’s Just Grubby Matter in Spacetime!

➢The Greeks were very much aware of their imperfect materials

➢Their whole point was that perfection is an unending process

➢The moment Euclid recorded the Greek concept of a point, he:

➢ Introduced belief in an infinitely precise location in an XYZ 3-space

➢ Asymptotically stripping out “size” and “orientation” (parts) was Euclid’s 
way of emphasizing that space has perfect locations without using objects

➢So: Take away grubby, icky, lumpy matter and all is well. Right?

➢Not quite…
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Post-Relativity Euclid: A Moving Point Is Not a Point

➢A moving, Lorentz-compressed point loses its spherical shape

➢This means it has parts (orientation) relative to a true point

➢The two cases remain unique even at their infinitesimal limits
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Does It Matter That Euclid Never Met Einstein?

➢A couple of questions to ponder:

➢ If you are writing the foundations of any discipline, does not having full 
knowledge about the details of how it works make a difference, or not?

➢ If the incredibly smart and careful Euclid had been fully aware that points 
acquire parts when moving, would he have defined points the same way?

➢Counterargument:

➢ “Euclid’s definitions work extremely well for classical physics.” True!

➢ But if Euclid’s classical point definition underlies almost all modern math…

➢ … Does that mean point-based math applies only to classical physics?
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Euclid’s Points and Quantum Mechanics

➢By never meeting Einstein, Euclid missed out on how special 
relativity experimentally undermines the “no parts” (perfect 
spherical shape) part of his idealized definition of location space.

➢Much worse is quantum mechanics, which:

➢ Requires infinite energy to create a perfect point →

➢ Destroys the idea of a perfect XYZ location points
by enforcing momentum-location Fourier wave
duality for all metrics (origin of Planck’s constant)

➢Again: If the brilliant Euclid had known points go from cheap 
(atomic removal) to infinitely costly (quantum compression)…

➢… Would he still have defined “points” in the same casual fashion?
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Also Missing from Euclid’s Points: Location Duality

https://gisaxs.com/images/a/aa/Space_tradeoff.png

Wave-location duality underlies all 
real-world versions of distance
➢ Have you noticed how big particle 

accelerators have become?

➢ They are a direct measure of how hard it is 
to force a “space only” view of any system.

➢ The enormous size and energy allow tiny 
moments of “more precise” space

➢ The question: What would Euclid have done 
if he had known all points turn into waves?

————

[1] B. Osgood, Formulas Related to Fourier Transform, Stanford EE 261 Cheat Sheet, 
2007. https://see.stanford.edu/materials/lsoftaee261/Formulas.pdf
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Part II.
Infinitesimals Beyond Euclid’s Points
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Zeno’s Paradox

➢Zeno of Elea lived c. 
490 – c. 430 BC

➢He introduced the 
concept of indefinitely 
smaller divisions of 
both length and time

➢These were the 
earliest documented 
indefinitely small 
quantities  
(infinitesimals)
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Leibniz (1646-1716) Infinitesimals

[1] J. A. Tropp, Infinitesimals: History & 
Application (Thesis), UT-Austin Senior 
Theses, 1999. 
https://tropp.caltech.edu/books/Tro99-
Infinitesimals.pdf

➢Key idea was that 
shapes such as 
triangles can grow 
“infinitely” small, at 
which point their 
properties simplify 
(become smooth)

➢Formal definition 
remained a problem
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Standard Analysis (Cauchy, Dedekind, Cantor, others)

[1] J. A. Tropp, Infinitesimals: History 
& Application (Thesis), UT-Austin 
Senior Theses, 1999. 
https://tropp.caltech.edu/books/Tro99-
Infinitesimals.pdf

➢Formalized methods 
for defining a truly 
continuous line

➢Dominant in the late 
1800s

➢Pushed a return to the 
secant limit method 
(3000 years old) 
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Richard Dedekind on Number Line Continuity

➢The "Dedekind cut" uses an irrational number to divide the 
set of rational (integer ratio) numbers into two parts

➢One part is strictly larger, the other strictly smaller than the 
cut

➢In this way, he argued that every location on the number 
line must be filled by a rational or irrational number

➢The resulting smooth, continuous lines and curves had no 
need (or room) for infinitesimals

➢The idea of not-quite-zero intervals faded due to this idea
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A Sidenote on the Dedekind cut

➢The "Dedekind cut" is a point cut

➢Point cuts are Euclidean points

➢Using them assumes the meaningful existence of such points

➢As discussed earlier, Euclidean points are not simple

➢The points are, themselves, limits of classical space processes

➢A quick physics sidenote on Dedekind cuts:

➢To create a fully defined (versus conceptual) Dedekind cut, how 
many digits of information are needed? And how much time?

➢Answer: Infinite digits and infinite time
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Abraham Robinson (1918-1974) and Hyperreals

➢The dominance of “no infinitesimals” did not last

➢Applied areas such as engineering never abandoned infinitesimals 
fully due to their value for understanding and analyzing problems

➢Abraham Robinson fought back by introducing hyperreals (∗ ℝ)

M. Romero Schmidtk, CC BY-SA 3.0, 
https://commons.wikimedia.org/w/index.php?curid=65453

The hyperreal number 
x is infinitesimal if, 
and only if, |x|< 1 / n 
for all positive 
integers n.
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Part III.
A Closer Look at Euclid’s Version of Lines
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The Inspiration of Euclid’s Second (Length) Definition

Euclid: “A line is length 
without breadth.”

➢All of the relativistic and 
quantum issues for 
points also apply here

➢Worse: The physical 
form breaks at very fine 
scales

➢ Very weak (𝑘/𝑟7) “free 
space” Casimir remains

➢Note: “Super” strings 
cannot sidestep this
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Euclid’s Straight Lines (Length Concept)
Euclid: “A straight line is that which lies evenly between 
its extremities.” How close can material physics come?

➢Without infinitesimals quantities smaller than atoms, 
the final model for a “straight line” is remarkably 
different from Euclid’s casually atomic definition

➢ The line reduces to two “extremities” (atoms, e.g.) with 
a very weak (𝒌/𝒓𝟕) “free space” Casimir-class residual 
electromagnetic bond between them

➢ The atoms remain connected, but only in a fashion so 
low-energy and tenuous that, for the most part, one can 
ignore it as irrelevant until it explodes at atomic scales

➢General relativity and quantum uncertainty make the 
precision of this line approximate at best

Only very 
weak (𝒌/𝒓𝟕) 
“free-space 

Casimir” 
bonding 
remains 

between the 
two atoms
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Richard Feynman nicely captures the 
source of the classical “perfect point” 
illusion in this molecular-force figure:
(1) The moment you shrink below a scale vastly 

beyond Greek science…

(2) … a formerly weak, almost non-existent long-range 
molecular force becomes brutally powerful

(3) The mind-boggling non-linearity of this inter-
molecular force lets Euclid (and us) ignore how 
badly it fails at atomic and molecular ranges.

(4) Even Casimir recognized that this weak long-range 
force is identical to the Casimir Effect attraction. 

————

[1] R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures 
on Physics, Volume I: Mainly Mechanics, Radiation, and Heat, 
1963. Sec. 12-3, Fig. 12-2. 
https://www.feynmanlectures.caltech.edu/I_12.html#Ch12-S3

The Interatomic Limits of Euclid’s Line Concept

12–3  Molecular forces

Fig. 12–2. The force between two atoms as a function 

of their distance of separation.
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Time to Get Radical: Length as a Residual Force

➢Question: Why are Casimir Forces showing up in line definitions?

➢Hypothesis: Spacetime is not a pre-existing fabric, but residual low-
energy EM bonding relation based on 3-axis gauge bosons (photons).

Wigner’s 1960 quote of Princeton then-student F. Werner question to him, heavily edited (re-written, really) 

for clarity:

“Because physics theories are limited models of endlessly complex natural phenomena, they necessarily 

treat some natural phenomena as important and others as unimportant. If physicists abandon the 

phenomena they considered important in the past and instead focus on ones they viewed as unimportant, 

might they develop new theories that explain just as many phenomena as current theories?”

————
E. P. Wigner, The Unreasonable Effectiveness of Mathematics in the Natural Sciences [Richard Courant lecture in Mathematical 

Sciences, delivered at New York University on May 11, 1959],” Communications on Pure and Applied Mathematics, vol. XIII, pp. 1–

14, May 1960. https://personal.lse.ac.uk/ROBERT49/teaching/ph201/Week15_xtra_Wigner.pdf
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Low-Level Bonding and the QED Vacuum Density Problem

➢Hypothesis: QED describes empty space only because a subset of 
QED math describes long-range atomic bonding. If so:

➢ The long, incredibly weak 𝐾 = 𝑘/𝑟7 fall off trail of
atomic bonding is vastly more important then
previously recognized (the Werner Flip Principle)

➢ The drop to vanishingly small energy is what
enables neutral bodies (e.g., atoms) to develop
“arbitrarily distant” particle-to-particle relationships
(also known as “space”).

➢ QED renormalization amounts to “unwinding” the irrelevant and unneeded 
components of QED math (e.g., unlimited vacuum energy at small scales)

➢ The “very low energy doesn’t matter” approximation fails in such a universe
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Part IV.
A Closer Look at Casimir Weak Bonding
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“The action of this [Casimir] force has been shown by clever experiments, and I 

think we can claim that the existence of electromagnetic zero-point energy in 

vacuum has been established beyond doubt.

But one can also take a more modest point of view.

Inside a metal, there are forces of cohesion. And if you take two metal plates and 

press them together, these forces of cohesion begin to act. On the other hand, you 

can start from one piece and split it. Then you have first to break chemical bonds 

and next to overcome van der Waals forces of classical type. And if you separate 

the two pieces even further, there remains a curious little tail.

The Casimir force is the last but also the most elegant trace of cohesion energy.”

————

[1] H. B. G. Casimir, Some Remarks on the History of the So Called Casimir Effect, pages 3–9 in M. Bordag, Ed., Leipzig, The Casimir Effect 
50 Years Later: The Proceedings of the Fourth Workshop on Quantum Field Theory Under the Influence of External Conditions, 
Germany: World Scientific, [Sep. 14-18] (1998). See end of page 7: https://books.google.com/books?id=PI84DwAAQBAJ&pg=PA7

Casimir Viewed His Force as Molecular Bonding
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Close-Range Molecular Bonding: van der Waals
The van der Waals force:

Atoms begin to “see” each
other’s charges at close range

Weak van der Waals bonds
squeeze out the last bit
of polaron-style energy.

➢ van der Waals forces depend 
on the lack of smooth charge 
distributions at atomic scales

➢ Sharply positive centers

➢ Diffusely negative orbitals

➢While weak compared to 
chemical bonds, they can 
show up at human scales

➢ van der Waals does not 
require metallic bonding
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Wave-Like Electrons and Long-Range Bonding
Conduction electrons

 are waves, not particles
You must add energy

to add more loops

Pulling two plates apart
locks in this added energy

Casimir Effect: Stored energy
 gently pull plates back together

➢The “interesting” properties of 
metals stem mostly from 
electrons behaving like waves

➢ Conduction

➢ Reflection

➢ Ductile strength

➢Breaking a piece of metal also 
breaks some of these bonds

➢Casimire (1998) noted that it is 
this bond breaking that creates 
the effect named for him (!)
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How Do Electron Waves Create Long-Range Bonds?

Electrons form waves
in all three directions

More energetic electron
waves also go all three ways

Result: Weak, multi-scale concentrations of charge

➢The lowest-energy electrons 
create human-scale “lumps” 
(polarons) in charge distributions

➢While tiny, even one non-even 
electron has substantial charge

➢ These distributions mimic the 
situation that gives van der Waals

➢ The scale is vastly larger, however

➢Most of the attraction arises from 
the lowest-energy electrons

➢Most electrons add very little
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Uneven Charge Distributions at Metal Surfaces

•••

Plate diameter
determines the
longest (and
thus lowest
energy) electron
waves possible:
the “IR” limit

Atoms decide
electron density 
to determine the
shortest (highest
energy) electron
waves possible:

the “UV” limit

The resulting plate-surface charge
distribution is never perfectly smooth

Vertical Distribution
of Charges on the

Plate Surfaces

++++

➢Off-balance charge distributions 
from conduction band electrons 
add linearly

➢The atomic nature of metals:

➢ Limits the highest frequency possible

➢ Ensures that total energy is finite

➢Result: Parallel metallic surfaces 
exhibit a very slight attraction even 
at great distances

➢The confusing addition of van der 
Waals disappears at these scales
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Frequency Dependence of the Casimir Effect
(a) Too far for the Casimir Effect! (b) Largest polarons link first

(c) Reducing gap links smaller-scale polarons and increases pull.
     Pull stops increasing at the atomic scale (van der Waals limit).

➢The Casimir attraction depends 
directly on resonant electron 
wave polaron charge distributions

➢Consequently:

➢ The lowest frequencies contribute 
most to the attraction effect

➢ The highest frequencies add little

➢ There is always an atomic cut-off

➢These effects are detectable at 
laboratory scales

➢ Larger gaps help suppress van 
der Waals contributions
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Standard Casimir: Empty QED Space Has Nearly Infinite Energy

Emok, CC BY-SA 3.0, via Wikimedia Commons

https://commons.wikimedia.org/wiki/File:Casimir_plates.svg

H. B. G. Casimir, On the Attraction between Two Perfectly 

Conducting Plates, Proceedings of the Koninklijke Nederlandse 

Akademie van Wetenschappen 51, 793–795 (1948). 

https://dwc.knaw.nl/DL/publications/PU00018547.pdf

        “We are thus led to the following conclusions. There exists an 

attractive force between two metal plates which is independent of 

the material of the plates as long as the distance is so large that 

for wavelengths comparable with that distance the penetration 

depth is small compared with the distance. This force may be 

interpreted as a zero-point pressure of electromagnetic waves.”

        “Although the effect is small, an experimental confirmation 

seems not unfeasible and might be of a certain interest.”

Forty-nine years later, S. K. Lamoreaux proved that the attractive 

effect Casimir predicted is experimentally observable:

S. K. Lamoreaux, Demonstration of the Casimir Force in the 0.6 to 

6 μm Range, Physical Review Letters 78, 5–8 (1997). 

http://web.mit.edu/~kardar/www/research/seminars/Casimir/PRL-

Lamoreaux.pdf]
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Molecular Casimir: Empty Space Uses Residual EM Bonding

What Casimir never quite said out loud: The structured
pull arises from internal wave-like polaron attractions

Pressure comes from infinite external
EM pressure vs. depleted gap EM modes 
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Space as a Residual Effect of Almost-Cancellation

➢Our classical existence trains us to think of distance as unrelated to 
the powerful forces we see shaping our everyday lives

➢The reality is more subtle: Space is more like the stupendously 
weak and non-linear bonding force remnant left by “almost 
cancellation” (atoms and nuclei) of more powerful electromagnetic 
and nuclear forces.

➢The 𝑘/𝑟7 free-space Casimir-class bonding forces can exist only 
after almost cancelling the existence of electric charges

➢ Protons and electrons cannot fully cancel due to mismatches in their 
internal quantum numbers

➢ Free-space Casimir can then create extremely low-cost “distance” relations

https://sarxiv.org/apa.QqYyyy-QqMm-QqDd.QqHhQqMi.pdf
https://sarxiv.org/apa
https://apabistia.org/
https://creativecommons.org/licenses/by/4.0/
https://apabistia.org/


34 apa.2025-09-13.1200.pdfApabistia Notes 2025, 09131200 (2025)

Terry Bollinger CC BY 4.0  A Critical Look at Infinitesimals in Physics September 13, 2025

Review: Sparse-Information Physics (1 of 2)

➢Main premise: Information is a construct of the material universe

➢ Mass and energy provide data storage and transmission to all of physics

➢ Both time (memories of the past) and space (stable lengths) require data

➢ Below certain minimums (e.g., one electron), stable data ceases to exist

➢ Too few bits lead to loss of resolution (“pixelation”): Quantum uncertainty

➢ Important corollary: Mathematics that assumes information invokes mass

=
011001101011

101001011010

010101100101

101001011010

101110001011

001100110101
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Review: Sparse-Information Physics (2 of 2)

➢Corollary: The vacuum becomes exactly that: Totally empty space

➢ “Empty” is fully compatible with special relativity (and centuries of thought)

➢ No Planck foam, no QCD fluctuations except when energized

➢ Quantum fields become localized by inertial frames and “funded” by energy

➢ No “effective” field theories (no cut-offs, no vacuum density issues)

➢ Gravity and motion become encodings of relationships between objects

011001101011

101001011010

010101100101

101001011010

101110001011

001100110101
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Part V.
Analyzing Continuum Analysis
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Calculus of

variations

Measure

theory

Differential

equations

Harmonic

analysis
Free

analysis

Complex

analysis

Real

analysis

The

Calculus

Sequences

and limits

(concept)

Metric

Spaces

(concept)

Functional

analysis

Vector

analysis
Scalar

analysis

Tensor

analysis

Geometric

analysis

Clifford

analysis

p-adic

analysis

Non-standard

analysis

Computable

analysis

Stochastic

calculus

Set-valued

analysis

Convex

analysis

Idempotent

analysis

Tropical

analysis

Constructive

analysis

Intuitionistic

analysis

Paraconsistent

analysis

Smooth

Infinitesimal

analysis

Conspicuously Missing: Analytical Self-Analysis

Only computable analysis touches directly on “can it be done?”
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Information Density Analysis (IDA)

➢Treat equations as generative programs, not as “reality”

➢Treat available mass-energy as “fuel” for the programs

➢ Information beyond the available mass-energy is forbidden

➢ Uncertainty becomes the norm, certainty the impossibility

➢Best equations converge over a huge range of scales

➢Best equations are naturally uncertain (all are quantum)

➢General Relativity

➢ High mass provides a good approximation of continuum space

➢ Transition to quantum occurs naturally as masses decline
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85.4% DOWN 14.6% 85.4% UP14.6%

100% UP

50% UP50% DOWN

𝟎°

𝟐𝟐. 𝟓°

COMPLEX PLANE 𝟏

𝟎

−𝟏 −𝒊

𝟏

𝟎, 𝟎𝒊

𝒊

Bloch Sphere Qubits
➢ Infinitely asymmetric (yet

true states are symmetric)
➢ Invokes the entire complex

plane for two finite states
➢ Needlessly baffling to folks

accustomed to bit logic
➢ 4D version (Hopf fibration)

is even more complicated

100% DOWN

𝟏

𝟐
𝟎 − 𝟏 = −

𝟏

𝟐
𝟎 − 𝑖 𝟏 = −𝒊

+ =
𝟏

𝟐
𝟎 + 𝟏

+𝑖 =
𝟏

𝟐
𝟎 + 𝒊 𝟏

Two-Shadow Qubits
➢ Bollinger 2025-08-23;

based on Feynman (QED)
explanation of amplitudes

➢ Qubit superposition states
become −𝟒𝟓° ≤ 𝜽 ≤ 𝟒𝟓°
angles of the state vector

➢ Squaring a shadow (which
is a dot product) gives the
probability of that state

𝟏𝟎
𝟏𝟎 𝟏𝟎

𝟏𝟎𝟏𝟎

−𝟒𝟓°

−𝟐𝟐. 𝟓°

4𝟓°

IDA Analysis Example

INFINITE DATA
DENSITY FAILURE

PASS
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The Condensed Matter Continuum Illusion

➢In addition to General Relativity, condensed matter:

➢Provides a vastly more information-rich environment

➢Enables extremely high smoothness instantiation

➢Note that the smoothness is locked in to the observer frame

➢Condensed matter physics is the home of particles and waves

➢Interactions with condensed matter “observe” waves

➢Particles and waves are both “observed phenomena”

➢The particle illusion, especially, requires continuous 
observation via mutual accelerations (bumping)
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Infinitesimal ➔ “Infotesimal”

➢All variants of infinitesimal assume their existence

➢Assuming infinitesimals makes infinite info density unavoidable

➢Since real information always has mass and energy (think bits), 
using infinitesimals is the real cause of vacuum density problems in 
quantum physics — not physics itself

➢Alternative: Infotesimals

➢ Infotesimals are top-down, energy-dependent space relationships

➢ Infotesimals create spatial detail in keeping with the current inertial frame

➢ Leibniz had it right, but had no idea how the cutoff worked

➢ Smoothness emerges in infotesimals due to dividing up energy
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Infotesimal (IDA) Analysis of Analyses

➢One can define any continuum math one wishes — no problem!

➢The danger: If you apply it to a vacuum, you get physics predictions 
at odds with how real-universe points and lines work

➢ Infotesimals become the finite “last stop” in a QED-style tree

➢Standard methods — e.g., Taylor series — work fine, but no longer 
expand without limit

➢ Infotesimal analysis deprecates (vs. “discards”) continuum analysis

➢ Even the real number line falls victim. It is only as real as energy makes it.

➢ Quantum uncertainty and infotesimal smoothness overlap strongly

➢Essentially all current forms of real analysis are deprecated
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Signal Dispersion Analysis (SDA)

➢Postulate:

➢ Signal dispersion is the deeper level of many physics phenomena

➢ Dispersion relations in quantum mechanics are examples
(e.g., momentum dispersion in particle physics)

➢ Signal dispersion is implicit in many forms of analysis

➢Postulate:

➢ Well-formed math requires a finite upper velocity for information transfers

➢ This velocity corresponds to c in physics, and is related

➢ Ignoring the signal dispersion relations is the main cause of math 
paradoxes (“everything, everywhere, all at once”)
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Summary

➢The universe is neither continuous (infinite information density) nor 
digital (impossible to make truly relativistic)

➢The problem begins with “bottomless infinitesimals”

➢ The final steps on any calculation about the physical world needs to match 
the degree of resolution in that physical world

➢ Continuums, including infinite differentiability, are incompatible

➢We need a complete “rethink” on the nature of space and time

➢ Start with non-linear bonding relations at incredibly low energies

➢ Stop discarding “low energy” as irrelevant

➢ Classical math is not as predictive as many claim, due to high noise
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