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Some of the foundations of the topological mathematics used in physics and 

quantum computing are weaker than you might think. This discussion and 

taxonomy of holes in hyperspace explain why that is. 

 

Did you know there are two kinds of holes in four-dimensional space? And that examples 

of both hole types exist in 3D space? We call them rings and bubbles. Figure 1 shows how 
rings rotated into 4D space “thread” like beads, but onto planes rather than strings. 

 
 

Figure 1. Pairs of ordinary rings bound to a 4D plane. The view shown is from rotating the 
threading plane is 4D-rotated into the full view of the 3D observer. However, this causes one 

axis of the rings to disappear. Consequently, the rings appear to the 3D observer as two 
spheres that mysteriously stay locked in distance from each other on opposite sides of the 

plane. However, moving a ring past the edge of the plane makes it possible to 4D rotate them 
back into ordinary 3D rings. Notice that for any given hole object, such as a ring, the 

dimensionality of the hole increases as it moves into higher dimensional spaces. Thus rings 

bead onto 1-dimensional objects (strings) in 3D, but when translated into 4D, they bead only 
onto 2-dimensional objects (planes). Rings thus have “1-holes” that string onto 1-dimensional 

objects in 3D but are promoted to 2-hole objects when translated into 4D. 

 
Figure 2 shows how in 4D, it’s bubbles, not rings, that thread onto strings. 

 
 

Figure 2. This image shows one 3D view of 4D bubbles threaded onto a 4D string. 

Rotating the string into 3D leaves only 2 dimensions for viewing the bubble in 3D. 
Consequently, only an equatorial “slice” of each bubble is visible. The result looks and 

behaves like 3D rings on a 3D string, with one crucial difference: Once the bubble falls 

off the end of the 4D string, one can 4D rotate it to see it as a sphere in 3D. 
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This addition of hole types doesn’t end with 4D. Figure 3 defines and names the whole 
pattern of 𝑛-space holes, including the related concepts of erasures, splits, and cages. 

 
 

Figure 3. Using the same simple and readily verified rotation techniques described 
above for rings and bubbles beaded onto 4D planes and strings, several extremely 

regular patterns emerge for how holes and related entities emerge in higher 
dimensional spaces. One critical difference in these methods is that they always begin 

with the addition and subtraction (removal) of “solid” (continuum) objects of identical 
dimensionality, usually “n-balls.” These are what their name implies: spherical balls of 

“substance” in the space given by n. Thus a 1-ball is a line segment; a 2-ball is a disc; 
a 3-ball is a ball, and so forth. In this taxonomy, standard objects such as 

“(n-1)-spheres” — the surface of a 3-ball — emerge only as the asymptotic thinning 

limits of objects with actual thickness. Thus subtracting a small 3-ball from a larger 3-
ball gives a thick-walled bubble in 3D, which I also label as G3, a 3-globe. Asymptotic 

thinning of the walls of the 3-globe then gives the 2-sphere of traditional topology, but 
without the subtle paradoxes introduced by embedding a 2D object directly into a 3D 

space. As shown in the table, holes are only a part of the transformations possible by 
removing one type of sphere from another (the rm function), but all of the 

transformations can be conveniently labeled using the traditional (n-1)-sphere 
notation. Erasures, splits, rings, and bubbles are common names for the first few 

sphere types, with erasures forming the case of maximum removal of all object 

dimensions. The dimensionality of the objects onto which objects “beads” in a given 
space determines the hole type. Thus a 1-hole always beads onto a string, a 2-hole 

onto a plane, a 3-hole onto a solid, and a 4-hole onto a tesseract. Consequently, the 
hole size for a given object, such as a ring, increases with each new dimension added, 

so the identity, e.g., of the string-type bead, changes with every new dimension. 
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I find it delightful that even though most 4D objects, including hypercubes or tesseracts, 

are impossible to visualize directly and thus must be approached analogically, this is not 
the case with the two types of holes for 4D space. Examples are all around you, including 

any rings on your fingers and bubbles you see floating in the air! 

 

We catch a break with these two 4D hole types because holes, by definition, “lose” some 

of the dimensions of the 4D object to form the hole. For example, if you “slim down” the 
material in a 3D ring to the least possible proportions that still retain the concept of a 

ring-like entity, the result is a circle. A circle, however, is a concept that also exists in a 

2D space such as that of Flatland. The main difference is that to a Flatlander, a circle 

looks like a fully enclosed space whose interior cannot be accessed, let alone used to 

“bead” the circle onto a necklace. Only a 3D person can see circles as flat in a way that 

allows them to bead onto a string. 
 

Similarly, while a 3D bubble or globe looks like a full enclosure to 3D observers, it has a 

“flat” interpretation in 4D that allows it to become a bead on a string in 4-space. If you 

rotate the view so that all of one bubble is visible to a 3D observer, the string and other 

beads rotate out of view, leaving only a ball floating inside the sphere. This ball is a 3D 
cross-section of the only part of the 4D string visible in this rotational view. 

 

The Curious Absence of Removals and Hole Types in Topology [Added 2023-02-20] 

For years after I first started analyzing holes using straightforward, computer-compatible 

rotation sequences and operations, it was hard not to conclude that the concept of 
removals is sufficiently trivial that it must be part of the standard literature. 

 

Oddly, it is not, at least not in any easily recognizable form. The concept closest to 

removals is Betti numbers, though if you look that up on Wikipedia, don’t be surprised if 

the connection is a bit hard to discern. For years, any query I attempted on the different 

“types” of holes would land squarely and only on the concept of “genus,” which is not 
much more than hole counting and has nothing to do with types of holes. 

 

Eventually, I realized that part of the answer is that modern topology decided many 

decades ago to focus entirely on the internal connectivity of forms. A corollary of this was 

to discard the concept of embedding dimensions as largely irrelevant. 
 

There is sound reasoning behind this decision. I’ve mentioned how translating the simple 

connectivity of a circle into higher spaces causes the dimensionality of its hole to expand. 

Thus a circle has a 0-hole or void in 2D; a 1-hole or string hole in 3D; and, less intuitively, 

a 2-hole in 4D. Yet, its internal connectivity remains the same in all of these cases! 
Focusing only on connectivity removes embedding-dependent variability in the hole size. 

 

The problem is that without explicitly noting this variability — as Betti numbers attempt to 

do in a somewhat different form — it becomes difficult to consider that one object can 

have multiple hole types simultaneously. There is nothing the least bit abstract about this 
possibility since, for example, gluing a ping-pong ball to a curtain ring creates an object 

that retains two hole types regardless of the embedding space. Not considering that 

possibility from the beginning neglects that some minimum embedding space may be 
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required to describe all hole types. In the case of the ping-pong ball ring hybrid, that 

minimum space is 3-space, in which the object has a 0-hole and a 1-hole. 
 

Betti numbers provide a way to note such differences without mentioning embedding 

spaces. However, given how easily and uniformly the same issue map into the arguably 

more intuitive idea of multi-dimensional removals — various forms of multi-dimensional 

drilling, cutting, and grinding through the entire thickness of an n-object — there are good 
reasons why the removal approach provides safer intuitions about what is going on. 

 

For example, looking for genus numbers tends to exacerbate removal-related sloppiness 

rather than clarify it. The genus concept exists because we have only one hole type in the 

3-space. Our survival-optimized brains take advantage of this simplicity by hard-wiring it 

into our neurons, making it hard to conceive that there could be other types of holes in 
other spaces. An example of the ensuing sloppiness is when folks attempt genus counts, 

they tend to focus only on rings and ignore voids entirely. For example, most folks would 

classify the earlier globe-and-ring object as a genus 1 object, ignoring the void inside the 

globe since it is invisible to a 3D mind. That works fine in 3D, but it’s a bit of a disaster in 

4D, where both holes can exhibit different beading behaviors simultaneously. In a 4D 
machine, there are no reasons why these different beading behaviors could not come into 

play simultaneously to give constraints and behaviors not easily imaginable to a 3D mind. 

 

Topology and Physics [Added 2023-02-20] 

Removals are relevant to physics because an object in 4D could have dynamical 
constraints (beading) related directly to the presence of multiple types. While we live in a 

universe with at least four distinct axes of behavior, the time axis of that set is both 

unique from and far more profoundly constrained than the other three. Understanding 

how dynamic topology concepts such as beading and sliding work in 4D thus could have 

direct relevance to better understanding how these dimensions emerge in the first place. 

 
Superstring theory is an especially pathological example of how not to use topological hole 

concepts to model the experimentally accessible universe. Superstring theory, amazingly, 

makes extensive use of holes in exceptionally high dimensional spaces without attempting 

to distinguish the types of holes possible or intended. The idea that accurate “modeling” 

the vibrational states of such entities without first precisely specifying the removals used 
to create the vibrating construct or by simply defaulting to ring vibrations is, at best, a bit 

mind-boggling. 

 

Other Examples of Topological Imprecision [Returning to 2019-07-17 text] 

I’ve been frustrated for decades with an underlying sloppiness that exists in far too much 
of historical topology, which, for example, incorrectly asserts that the product of two 

circles is a 3D torus. The correct product of two circles is the far more elegant and 4D 

construct known as a Clifford torus. Another less formal name for the Clifford torus is the 

“flat” torus. While the 4D Clifford torus is anything but flat, this name accurately describes 

the dynamics of objects moving on its surface. Anyone who has played Asteroids on a flat 
computer screen knows how objects move on Clifford toruses. When objects sail off one 

side (or top or bottom) of the screen and instantly reappear from the same point on the 

other side, the game precisely replicates how objects would move on a Clifford torus. 
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In general, the fact that survival-optimized hard-wiring of human brains to think in three 

dimensions leads quickly to conceptual errors when contemplating higher dimensional 
topologies, even — and sometimes, especially — when assisted by algebraic reasoning. 

 

Mathematicians latched onto bagel surfaces as the correct product of a circle times a circle 

because these are abstractions of objects their brains can see, versus 4D Clifford toruses. 

A general shift in topology to algebraic methods a few decades ago was supposed to help 
fix this problem. Unfortunately, an algebraic idea based on an inadequate understanding 

of topological relationships in higher space can, as with holes, lead to the wrong outcome: 

A collection of equations that no longer have any connection to the problem. In this sense, 

algebraic topology is subject to the same warning learned in computer programming 

classes: Garbage in means garbage out. The lack of sufficient formalization of many 

traditional styles of algebraic logic to allow their execution exacerbates this problem by 
making the capture of errors in large equation hierarchies statistically improbable. 

 

The Need for Phase-Boundary Topology [Fully rewritten 2023-02-20] 

A more subtle but dangerous sloppiness found throughout topology is its reliance on 

abstract “surfaces” that are the infinitesimal limits of volumetric objects residing in a 
higher dimensional space. For example, the idealized surface of a three-dimensional ball, 

which has the less-than-intuitive name “2-sphere,” is visualized as an infinitely thin soap 

bubble whose surface is perfectly two-dimensional. The difficulty is that even though the 

ball does define a single surface, that of ball-to-outside-air, the soap bubble defines two 

surfaces: bubble-to-outside-air and a new one of bubble-to-inside-air. 
 

The two models differ vastly in implied precision, significantly affecting their use in physics 

topics such as quantum mechanics. A ball-in-air phase-boundary model supports any 

desired level of precision or thickness of the surface, whereas the bubble-in, bubble-out 

model assumes infinitely precise thinning of the bubble medium to make the two surfaces 

behave as “one” surface with dualities. In quantum mechanics, this level of precision is 
infinitely costly and thus not a good model for the experimentally accessible universe. 

 

Quantum Computing Implications [Returning to 2019-07-17 text] 

Topics such as quantum mechanics and particle physics use (n-1)-spheres, so making 

sure they use ideas based on precise and mathematically self-consistent foundations is 
essential. I would, for example, argue that any definition of an (n-1)-sphere that does not 

fully consider dimensional consistency — and some other issues of precision I’ve not 

described here — produce results that may be subtly flawed. The extreme levels of 

efficiency postulated for quantum computing may be nothing more than echoes of errors 

made deep in the conceptual foundations of the associated real mathematics. Topological 
sloppiness is just one example of possible sources of such errors. 

 

I’ve mentioned that idea in other comments I’ve made recently here on LinkedIn, under 

the hypothesis I call TRACI, for Time Reversals Are Computationally Inaccessible. TRACI’s 

motto is “what starts in classical computation, stays in classical computation,” meaning 
that the spooky faster-than-light entanglement effect on which quantum computing peak 

speed rely may not be physically realizable. While quantum entanglement is quite genuine 

and even the basis for commercially available quantum encryption devices, this does not 

mean that current bit-mimicking approaches can necessarily access it to achieve their 
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goals. Feynman’s original call for quantum computing may also fit within this “real but not 

computationally usable” category since his original thought problem was building a 
computer capable of efficiently emulating quantum wave functions, not performing 

classical computations. Feynman, in effect, was proposing to fight quantum fire with 

quantum fire without directly addressing whether such methods could speed up 

conventional processing. 

 
If TRACI is correct, all the massive investments to produce quantum computers could be 

equivalent to attempting to micro-miniaturize wave-based computing using the worst 

possible choice of waves: Super-fragile quantum wave functions. On the positive side, 

however, proving TRACI correct could also mean that multi-state and inherently massively 

parallel wave-based computing using more ordinary media such as light or even fluid 

waves might lead to computational improvements, using much cheaper and more 
accessible materials. It could also mean that simply emulating waves more efficiently in 

conventional processors could provide routes for capturing some of the processing power 

improvements of wave-based approaches. 
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